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Dean Face, Member, IEEE, and Dennis J. Kountz

Abstract—A theoretical analysis was performed for an ex-
tremely high Q resonator formed by a sapphire rod sandwiched
by a pair of high TCsuperconductor (HTS) films. A number of
these HTS-sapphire-HTS resonators in C-band and Ku-band
were designed, fabricated and tested. At 5.552 GHz, Q,,reached
2 x 106 at 90 K, 3 x 106 at 80 K and 1.4 x 107 at 4.2 K with
circulating power up to 500 kW. Formulas for calculating the
resonant frequency and Q-value derived from the theoretical
analysis were verified by experimental data with good agree-
ment. Three different thin film HTS materials: T12Ba2CaCu208,
YBa2Cu307 _ * and TI0.5PbO&rzCaCu207 were tested. The sen-
sitivity of the high Q-value and the parasitic coupling to the
case modes are discussed. Applications, such as frequency sta-
bilized oscillators, filters and characterization for HTS films
are described.

I. INTRODUCTION

THE NEED for frequency stabilized oscillators, low
loss filters and slow wave structures drives the search

for microwave resonators with ever higher Q-values. Res-
onant cavities using low TCsuperconductors such as nio-
bium and lead achieved extremely high Q [1], [2], but
they require liquid helium temperature operation. At
higher cryogenic temperatures, sapphire resonators have
fairly high Q [3], but they are bulky because of wide
spread evanescent fields.

The goal is to design a compact microwave resonator
with extremely high Q-value operating at or above liquid
nitrogen temperature. A first option might be a hollow
cavity with HTS coated on the inner walls. Unfortunately,
no high quality (low surface resistance, R,) HTS materials
are available on a curved surface, so that, at least for now,
this option is not practical. However, high quality (R,
hundreds times lower than copper) flat HTS films are
available, which can be used for confining the electro-
magnetic (EM) fields with very little loss along at least
one direction (say the z-direction in a cylindrical cavity).
High purity single crystal sapphire has extremely low loss
at liquid nitrogen temperatures. In addition, its relatively
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high dielectric constant not only helps to reduce the size
of the resonator, but also makes the total reflection easier
at the interface with air or vacuum. In fact, for the TEO1I
mode in a cylindrical sapphire rod, the EM fields decays
almost exponentially along the radial direction away from
the surface of the rod. If the radius of the HTS films placed
at the end is sufficiently large compared to the radius of
the rod, the radial rf leakage is negligible. HTS-sapphire-
HTS TEol ~mode resonators offer the potential for high Q
and small size [4]. We have designed, fabricated and
tested several HTS-sapphire-HTS TEOI1 mode resonators
at 5.552 GHz, 6.480 GHz and 27.33 GHz. In the C-band,
the unloaded Q-value reaches 2 x 106 at 90 K, 3 x 106
at 80 K and 1.4 X 107 at 4.2 K. The resonator can handle
circulating power ranging from 2 kW to 500 kW depend-
ing upon the operating temperature. To our knowledge,
these represent the highest Q and power handling data
published for any HTS microwave device.

II. CONSTRUCTION OF THE HTS-SAPPHIRE-HTS

RESONATOR

As shown in Fig. 1, the resonator was formed in a HTS-
sapphire-HTS sandwich held in an oxygen-free copper
package by an array of beryllium copper springs. The HTS
films were TlzBa2CaCu20x deposited on a 2” diameter
(100) LaAIO~ wafer for the original prototype. Later,
YBa2Cuq07 _ ~ and Tlo,~Pbo,~Sr2CaCu20T HTS thin films
on 2” wafers were also tested. The dielectric rod was
c-axis oriented high-purity single crystal sapphire from
Union Carbide. Three different size rods were tested with
dimensions: 1.000” (diameter) x 0.472” (length), 0.625”
(diameter) X 0.552” (length) and 0.197” (diameter) x
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0.098” (length). The magnetic dipole coupling-was
achieved by a pair of copper coaxial cables with a loop at
the end. The coupling can be adjusted by changing the
insertion depth of the cables.

III. THEORY

The HTS-sapphire-HTS resonator can be treated as a
section of circular dielectric waveguide short-circuited by
the HTS films at both ends [5], [6]. The TEOI~mode EM
fields between two HTS films can be directly derived from
the TEO1traveling wave fields in a dielectric waveguide
[7]. For simplicity, the losses in the sapphire and HTS
films were neglected in the field analysis, the loss effects
will be considered as a perturbation. The nonzero field
components in a cylindric coordinate (p, @, z) system are
as follows:

For p s a:

27r/L~ f
E+, (p,z) = –jf4 ~ J1(tlo)sin (6z) (la)

Iq (p, z) = –A : J1(tlP)Cos (w) (ib)

H,l (P, z) = AJo($ lP) sin (I%) (lC)

Forp z a:

z~hf
E+2(P,z) =jB ~— Iil (&zP) sin (6z) (2a)

~

Hoz(p, Z) = B : ~1 (<2P)COS (&) (2b)

HZ2(p, z) = BKO(.$2P)sin (Dz) (2C)

where A, B are constants; p. is the magnetic permeability
of free space;. f is the frequency; l.(x) (n = O, 1) is the
nth order Bessel function of the first kind; K.(x) (n = O,
1) is the nth order modified Bessel function of the second
kind; ~~ and ~2 (both are real quantities) are p-direction
wave numbers inside and outside of the rod, respectively;
~ is the z-direction propagation constant. The relation
among ~1, &2and P is

(3b)

where k, h, c, and ~. are the propagation constant, wave
length, speed of light, and dielectric constant in free
space, respectively. Sapphire is an anisotropic dielectric
medium. Even though the transverse dielectric constants
are equal, they are different from the longitudinal (c di-
rection) dielectric constant. Fortunately, for all TE modes,
E, = O, and so the dielectric properties of the sapphire
rod for TEO11mode can be expressed by a single dielectric
constant, +

The bound~ary conditions at p = a (a is the radius
of the sapphire rod) requires E@~(a, z) = E@2(a, z) and
H,l (a, z) = H,2 (a, z), according to (la), (lc), (2a), (2c):

(4a)

,Jo(~la) A – Ko(f2a) B = O (4b)

For A, B having non-trivial solutions, the determinant
of (4a), (4b) must be equal to zero, or

The boundary conditions at z = O, and z = L (L is the
length of the sapphire rod) require Ed I (p, O) = O, Eoz (P,

O) = O, E+l (p, L) = O, ~oz(p, L) = o. According to (M
and (2a), for the TEO11mode:

(3d)

Solve the simultaneous (3a) -(3d) for a given set of a, L,
e,, to calculate ~, which is the resopant frequency, ~o, for
the TEO11mode.

The unloaded Q-value, Qo, of a resonator is defined as

11 1—=— _
Qo QO,C+ Qo,~

(5a)

where Q.,. is the conductor Q; Q., ~ is the dielectric Q.
In (5a), the radiation loss is neglected since the resonator
is enclosed by a metal package. But coupling to case
modes is still possible and will be discussed in Section
VII. As shown in the Appendix, by using the EM field
expressions, the Q.,. and Q., d for the TEO11mode can be
expressed as

()240r2e, L 3 1 +R
!20,. = R

i l+erR
(5b)

s

(5C)

where tan~ is the loss tangent of the sapphire. The nu-
merical factor R is the ratio of the electrical energy stored
inside to that stored outside the sapphire rod, which is
derived in the Appendix as

pm

Jo

Formula (5) can be used for calculating R, of the HTS
films from the measured Qo.

In order to predict the power handling ability of the
resonator, a relationship must be established between the
dissipated power, Po, in the resonator and- the maximum
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rf magnetic field, H~~X,or the maximum rf current den-
sity, J~,X, on the HTS films. The rf current on the HTS
films located at z = O and z = L is induced by local rf
magnetic field. For the TEOI, mode, according to (lb),
magnetic fields Hpl (p, O), HP, (p, L) and the correspond-
ing induced current density Jol (p, O), Jo ~(p, L) have a
Bessel function, J1 (~ ~p), distribution along p direction.
J1 (flp) has a maximum value of J1 ,m,x = 0.581865 at

&IP~.. = 1.84118. Here ,0~,, is the radius of a circle where
the rf current density reaches the maximum valve, Jm,x.
The maximum rf magnetic field, H~,X, and the corre-
sponding maximum current density, Jm,x, are derived in
the Appendix as:

H
[– 1

21rR, a
max = J1,~.x J; (<lp)p tip

PO o

[ 011240m 2e, tan 6 L 3
–Ip

“ l+ ErR+
R, K

(6a)

[!

J1,~.x 2xR, a
J–——max—

id Po o
J; (~1~)p dp

[ 0112407r2er tan.~ L 3 “/2
“ l+e,R+

R$ i
(6b)

where hd is the penetration depth.
Circulating power, Pc, is defined as the rf power trav-

eling along the length of the rod and reflected back and
forth between the two HTS films to form a resonant stand-
ing wave. Pc can be calculated as follows:

~ovg Qopovg
Pc=—=—

2L 4wL&
(7a)

PO = Pi~(l – s;~ – S;J (7b)

where W. is the stored energy in the resonator at ~ = ~o;
Pin is the incident power measured at the input of the
resonator; P. is the dissipated power in the resonator at ~
= ~o; v~ is the group velocity for the TEOI mode traveling
wave in the rod. According to the definition of v~ and (3):

“g=[i%l-’‘[22==-’
(7C)

where c is the speed of light in free space.

IV. TEST SETUP AND METHOD

The measurements of the HTS-sapphire-HTS resona-
tors were made in a liquid helium storage dewar with a
glass epoxy insert. The package is mounted on a copper
plate at the end of a stainless steel probe which is evacu-
ated and lowered into the insert. The temperature is con-

trolled over a range of 4 K to 150 K with a pair of 1OO-W
heaters. A HP-8510 vector network analyzer with 1 Hz
frequency resolution was used for the measurements. A
HP-8449A preamplifier and a Hughes 8030H02F TWT
power amplifier with output power up to 30 W were in-
serted at the input of the resonator for the high power
measurements. The loaded Q-value, Q~, of the resonators
was measured with the well known 3-dB band width
method.

For a single mode resonator with unequal coupling at
its input and output, the relationship between the loaded
Q~ and the unloaded Q. is as follows:

QO = QL(l + PI + /32) (8a)

(8b)

(8c)

(8d)

where 61 and 62 are the coupling coefficients at port-1 and
port-2, respectively; S1~, S2Zand S21 are the magnitudes
of the S-parameters measured at ~the resonant frequency,
.f = fi. Formulas (8a), (8b) and (8c) were used to calculate
Q. from the measured data. Formula (8d) was used for
verification. The measurement was repeated three times
at each temperature and at each power level. Then port-1
and port-2 were interchanged to repeat the measurement.
Most data were collected with relatively strong coupling,
S21between 3 dB and 8 dB. However, no severe degra-
dation of Q. was observed even with very strong cou-
pling, S21 <0.2 dB.

V. TEST DATA FOR T12Ba2CaCu20g FILMS

T12&i2CaCU208 films were used first for the HTS-
sapphire-HTS resonator. These low surface resistance
T12Ba2CaCu20~ films were deposited on 2-inch diameter
(100) LaA103 wafer. These films have a TCof 106 K and
surface resistance at 10 GHz as low as 23 PC?at 4.2 K and
150 pfl at 77 K. The preparation of the films can be found
in ref. [8].

The TEOI~ mode resonant frequency ~0 wa’s calculated
from (3). It was verified with the experimental data for
three different rod dimensions with resonant frequencies
A = 5.552 GHz, 6.480 GHz and 27.33 GHz. The dis-
crepancies between theoretical values and experimental
data were less than 0.2% with ~, = 9.32.

Fig. 2 shows a typical resonant curve of a HTS-sap-
phire-HTS resonator with a pair T12Ba2CaCu208 films op-
erating at 84 K. The loaded Q-value was 2.84 x 106 and
the unloaded Q-value was 3.40 X 106.

The circulating power, PC, was selected to represent the
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Fig. 2. A typical resonant curve for a C-band high Q HTS sapphire-

Fig. 5. Unloaded Q-values versus circulating power at different tempera-
tures of a 5.55 GHz YBa2Cu307 _ ~ HTS-sapphire-HTS resonator.
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104 10+ 10-2 10-’ 100 10’ 102 103 104 105 Fig. 6. Surface resistance versus maximum rf magnetic field on the surface
of the HTS film measured at different temperatures by a 5.55 GHz
YBa2Cu307 _ ~ HTS-sapphire-HTS resonator.

Fig. 4 shows the surface resistance, R$, at 5.552 GHz
of a pair of Tl:tBa2ca@08 filmS as a function of the max-
imum rf magnetic field, H~aX.

VI. TEST DATA FOR YBazCu30T _ ~ AND
TIO,~Pbo5SrzCaCu20T FILMS

Tests were also carried out for the 1.000” X 0:472”
sapphire rod with a pair of 2” diameter Y13a2CaqOT. *
films and with a pair of 2” diameter Tlo~Pbo ~Sr2CaCu207
films.

The YBa2CaqOT_ ~ films were made by co.evaporation
of Y, BaF2 and Cu in an oxygen partial pressure of 1 x
10-5 torr followed by a post-deposition anneal at 850”C
for 30 minutes in flowing 02 /H20 as described in ref.

[9]. The film thickness was 3200 ~ with a uniformity of
better than +2% over a two-inch wafer.

Fig. 5 shows the QOversus Pc data, Fig. 6 shows the
R, versus H~,,Xdata for YBa2Ca30T _ ~ films at different
temperatures.

The Tlo ~Plbo&-qCaCu20T films were fabricated by
first off-axis rf sputtering to produce a precursor film con-
taining lead, :strontium, calcium and copper oxides on a
(100) LaA103 substrate. Films as deposit$d were nearly
stoichiometric and approximate y 3500 A thick. Thal-

Circulating Power (W)

Fig. 3. Unloaded Q-values versus circulating power at different tempera-
tures of a 5.55 GHz T12Ba2CaCu20s HTS-sapphire-HTS resonator.
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Fig. 4. Surface resistance versus maximum rf magnetic field on the surface
of the HTS film measured at different temperatures by a ‘5.55 GHz
T12BaqCaCu208 HTS-sapphire-HTS resonator.

power handling of the resonator. Fig. 3 shows the QOver-
sus Pc at several different temperatures for a pair of 2”
diameter TlzBa2CaCu20~ films with a 1” diameter by
0.472” length sapphire rod.
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Fig. 7. Unloaded Q-values versus circulating power at different tempera-
tures of a 5.55 GHz TIO~PbO$rzCaCuz07 HTS-sapphire-HTS resonator.
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Fig. 8. Surface resistance versus maximum rf magnetic field on the surface
of the HTS film measured at different temperatures by a 5.55 GHz
TIO~PbO~SrzCaCuz07 HTS-sapphire-HTS resonator.

lium was incorporated into the films by a subsequent an-
neal in the range of 800–900” C for up to 16 hours in a
covered alumina crucible containing T120~ and
TIO.spb@rzCaCu@T powder. The details of the process
are described in ref. [10].

VII. SENSITIVITYOF HIGH Q TEOI~ MODE

Because of its extremely high Q-value, the TEOI, mode
is very sensitive to parasitic coupling to the case modes.
Our experience has shown that a – 50 dB case mode in
the vicinity of the TEO11resonant frequency is sufficient
to reduce the Q by as much as a factor of three. Special
attention must be paid to the design, fabrication and as-
sembly of these high Q resonators.

In the design, two aspect ratios: a/L and b/a (b is the
radius of the HTS films), should be carefully selected. In
(1) and (2) both KO(t~p) and K, (izp) are exponential-like
decay functions of p. A large& value means rapid decay,
which is favorable for suppressing the parasitic coupling
to case modes. The a/L ratio is a main factor in deter-
mining the value of &z.By combining (3a), (3b) and (3d),
we have:

(9)

Equation (9) can be used for selecting the appropriate a /L
ratio under given conditions. For the b/a ratio, theoreti-
cally speaking, larger is better. But in reality, b is re-
stricted by the size of the available HTS wafer and a is
related to the resonant frequency. The question becomes:
What is the minimum acceptable b/a ratio for a specified
Q-value? Notice that (1) and (2) are under the assumption
that the space outside the rod along p-direction is infinite.
Otherwise, in the region p > a besides K. (t2p) and
KI (&zp) terms, there are also Z. (~2p) and Z1(t2p) terms
involved, which represent the reflection of the evanescent
fields from the cavity wall and the discontinuity at p = b.
To consider all the details of real bounda~ conditions,
the exact EM field solution is quite complicated. How-
ever, an approximate analysis is possible. Define a ratio,
ER, which is the electromagnetic energy stored in the
“tail” region (p > b) to the total stored energy in the
resonator. As shown in the Appendix:

Fig. 7 shows the Q. versus PC data, Fig. 8 shows the
R, versus Z7~,Xdata for Tlo 5Pbo #r2CaCu207 films at dif-
ferent temperatures.

Even though the same sapphire rod and the same test
setup were used for all three HTS materials, the HTS films
used are not necessary the best ones for each particular
material. Therefore, any comparison of the performances
regarding these HTS materials should be made carefully.

(lo)

The meaning of the ER value is that if the real HTS wafer
radius is b, then this portion of the stored energy will be
re-distributed in three ways: 1) some could be absorbed
by copper cavity walls; 2) some could be converted into
case modes; 3) the rest could be reflected back from cav-
ity walls and still stored in the TEO1~mode. Since oxygen
free copper has fairly low R, at cryogenic temperatures,
the amount for item 1) should be very small. The amount
for item 2) depends upon how much the real boundary
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condition deviates from the perfect one. The imperfec-
tions include gaps, holes, mechanic tolerance of thecav-
ity, the coupling mechanisms, etc. In the worst case (i.e.
all the “tail” energy stored in the region p > b were to

be lost), 1/ER sets the upper limit of the QO.In our HTS-
sapphire-HTS resonator cas,es, the ER values were cal-
culated ranging from 10-4 to 10-5. The measured Q-val-
ues were higher than 1/ER, which implies that only a
small portion of the “tail” energy is lost. Equation (10)
can be used for selecting the b/a ratio.

In the fabrication and assembly of the resonators, tight
mechanical tolerances were imposed. Particularly, the
c-axis orientation and the parallelism of the end surfaces
of the sapphire rod are very crucial. The highest purity
single crystal sapphire rods were used. Thorough cleaning
procedures were followed. Selective damping was used to
suppress any case mode at the vicinity of TEOI~ mode
down to less than – 60 dB. All these efforts resulted in a
repeatable high Q-value upon temperature cycling or after
reassembling the resonator.

Because of the extremely high Q, the resonator is sen-
sitive to a microphonics effect. Preliminary observations
indicate that most of the mic”rophonic effect is on the am-
plitude. After the package was redesigned using a much
stronger spring, the microphonics effect was drastically re-
duced. Additional measurements will be performed.

VIII. APPLICATIONS

One application for the high Q resonator is as the fre-
quency stabilizer for a low phase noise oscillator. Prelim-
inary measurements of an oscillator constructed from an
amplifier and a high Q resonator both operating at 80 K
indicated that the phase noise was significantly reduced
[11]. More accurate phase noise measurements of the os-
cillator and the resonator are in process.

Another application is to use the high Q resonator as a
building block for filters. The use of high Q elements
would allow for very low in-band insertion loss, high out-
band rejection, steep skirts and extremely high power
handling suitable for power transmitters.

Another potential application would be to use the high
Q resonator to measure the microwave properties, e.g.
surface resistance, R~, [12], [13] and rf critical current
density, J,, of HTS films. The advantages of this method
are: first, it provides an absolute measurement for R,, no
calibration is required; second, it has a very large dy-
namic range of R. values; third, it is able to measure the
R, at very high microwave power levels. In fact, due to
the extremely high Q, the circulating power inside a mod-
erately coupled resonator is several orders of magnitude
higher than the input power. Preliminary data for R,
measured by this method were compared to similar mea-
surements by two other methods (TEO11empty cavity end
wall replacement [14] and parallel plate [15]) with good
agreement. A Ku-band HTS-sapphire-HTS resonator for
HTS film characterization was built. The low end sensi-
tivity was verified by using a pair of niobium films at liq-
uid helium temperatures. Fig. 9 shows the R, data of two

■ Parallel Ptate-1,2
“ Parallel Plate-3,4

u+

“ Sapphue-HTS Cavity-1,2
0 Sapphue-HTS Cavity-3,4 .

w

&

o 10 20 30 40 50 60 70 80 90 lQO

Temperature (K)

Fig. 9. The surface resistance for two pairs (1,2 and 3,4) of YBazCrr307 *
films measured with a Ku-band HTS-sapphire-HTS resonator scaled to 10
GHz assuming j:’ and compared to the data for the same films measured
with an X-band parallel plate resonator technique.

pairs of 10 mm x 10 mm YBa2Ca30T _ ~films sandwiched
with a 0.197” (diameter) x 0.098” (length) sapphire rod ,
measured at 27.33 GHz and then scaled to 10 GHz ac-
cording to a f 2 law and compared to the data of the same
film measured with parallel plate method. The coinci-
dence of these data is very good. The details of this
method will be published in a separate paper.

IX. CONCLUSIONS

In conclusion, extremely high Q-values (> 106) were
obtained from several C-band TEO11mode HTS-sapphire-
HTS resonators at liquid nitrogen temperatures. At liquid
helium temperature (4. 2 K), the measured Q (> 107) is
comparable to niobium cavities measured at the same
temperature [1], [3]. The power handling in terms of
circulating power was measured ranging from 2 kW to
500 kW depending upon the operating temperature. The
data indicate that Ti2Ba2CaCu208, YBa2Ca307 _ ~, and
TIO,sPb@rzCaCuzOT thin films can be used for high
power microwave applications. Theoretical formulas for
calculating the resonant frequency and the Q-value were
derived and verified by experimental data with good
agreement. The sensitivity of the high Q TEO11mode and
how to suppress the parasitic coupling to case modes were
discussed. Several potential applications including low
phase noise oscillator, bandpass filter and HTS film char-
acterization were described.

APPENDIX

Substitute (3d), (4b) into (1), (2). The nonzero field
components can be expressed as:
Forp < a:

sin
()

~z
L

(Ala)

(Ale)
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For p > a:

(A2a)

T Jo($la)
H,@, z) = A——

&2LKO(<2U) ()
K1(fz~) COS L~z (A2b)

Jo ($ la)
H,#J(p, z) = ‘4 — K. ($zp) sin

K. (f2a) ()
:Z (A2c)

The conductor Q-value, Q.,., is defined as

2Tfo Wo
Qo,c =

PO,.

The dielectric Q-value, Q., ~, is defined

2Tfo Wo
Qo,ci = —

Po,~

(A3a)

as

(A3b)

Where P.,. and P., ~ are the dissipated power in the con-
ductor and in the dielectric atf= fo, respectively.

In a resonant system at f = fo, the total stored energy
W. is equal to the peak stored electrical energy, which can
be expressed as the following:

Wo = w,, + Wez (A4a)

where Wel and Wez are the peak electrical energy stored
inside (p s a) and outside (p > a) the sapphire rod at
~= h, respectively. According to field expressions (Ala)
and (A2a), W,l and W~2can be calculated as

(A4c)

where VI and V2 are the volume inside and outside the
rod, respectively. Substitute (A4b) and (A4c) into (A4a):

(4d)

where R = W<2/ W,l is the ratio of electrical energy stored
in Vz to that stored in V,. The expression for R is given
in (5d).

The power dissipated in the conductor, P., c, can be ex-
pressed as

where the factor of 2 is from counting the dissipation in
the two HTS films; surface SI and Sz are the film areas
covered by the rod (p < a) and the remaining area (p >
a), respective y. Substitute (A lb), (A2b) into the above
equation:

Substitute (A4d) and (A5) into (A3a). The expression (5b)
for Q.,. is proved.

The power dissipated in the dielectric, P., ~, can be de-
rived by using the definition of the dielectric loss tangent,
tan 6:

Po,d
tan 6 =

z~fowd

or

P(j,d = z~fo tan6 WCI = 2Tf~ tan 6 —
1 ?R ‘A’)

Substitute (A6) into (A3b), the expression (5c) for Q., d is
proved.

The maximum current density, .l~,X, on the HTS film
is related the maximum magnetic field, Hm,,, on the I-ITS

film surface as follows:

HmaxJ—max =
Ad

(A7a)

where & is the penetration depth. According to (A lb):

H= x J, .~,X
“x ,$,L

(A7b)

where J1, ~~1is the first maximum value of Bessel function
J1~X).According to (A4b), (A5), (A6), (A7a) and (A7b),
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the total dissipated power in the resonator at ~ = ~0 is

()PO= PO,c+ PO,~=21rR, —;; 2 [1 + erR]

“1

a

.l~(flp)p dp + 2mfOWe1tan /i
o

()
2

rA—
!- 2TRS n ‘1 + “R] o ‘;($lP)P ‘p

2a,
eoe:L~24;A~ j2

+ 27rf0tan 6 — — J; (&*p)p dp
o

( )!H2amax
= 21rR, — ~ J; (~~~)p dp

J1 , ma,

[ 01240X2C, tan b L 3
“’l+ErR+

R. i“ (A7c)

Solve (A7c) for H~aX, the ,expression (6a) for lima, is
proved, and substitute it into (A7a), the expression (6b)
for Jmaxis proved.
According to the definition ,of ER:

{!llE(J
ER =-— – E~2E42 dv

2W0 2 v,

+&
! (H]2 HP2 + H$HZ2) dv2 v, 1

(A8a)

The first numerical factor of 1/2 on the right side of (A8a)
derives from converting the field components from peak
values into average values. Vt is the volume of the “tail”
region (p > b). Substitute (A2a), (A2b), (A2c) into (A8a):

Substitute (A4d) of WO into the above equation, the
expression (10) for ER is proved.
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